On octahedral fulleroids  by Jendrol’, Stanislav & Kardoš, František
Discrete Applied Mathematics 155 (2007) 2181–2186
www.elsevier.com/locate/dam
Note
On octahedral fulleroids
Stanislav Jendrol’, František Kardoš
Institute of Mathematics, P. J. Šafárik University, Jesenná 5, 041 54 Košice, Slovakia
Received 14 October 2004; received in revised form 22 March 2007; accepted 15 May 2007
Available online 24 May 2007
Abstract
The discovery of the ﬁrst fullerene has raised an interest in the study of other candidates for modelling of carbon molecules. As
a generalization of the fullerenes, fulleroids are deﬁned as cubic convex polyhedra with all the faces of size ﬁve or greater. In this
paper, we give necessary and sufﬁcient condition for the existence of fulleroids with only pentagonal and n-gonal faces and with
the symmetry group isomorphic to the full symmetry group of the regular octahedron. The existence is proved by ﬁnding inﬁnite
series of examples. The nonexistence is proved using symmetry invariants.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Cubic convex polyhedra are suitable models for carbon molecules. These models have the following structure:
vertices of such polyhedra represent the atoms of carbon, and edges between vertices realize the bonds between pairs
of atoms. The polyhedron is cubic (every vertex is trivalent), since every carbon atom is bonded with three others.
One of these bonds has to be doubled, because every carbon atom is to be associated with four bonds. This is possible
because the graph of every cubic polyhedron has a 1-factor (perfect matching) that forms a Kekulé structure of the
carbon molecule (double bonds are realized along edges of this 1-factor). This follows from Petersen’s theorem [17],
the classical result of graph theory. In fact, as shown by Klein and Liu [12,13], every cubic convex polyhedron has at
least three mutually disjoint 1-factors.
The discovery of the famous fullerene C60 in 1985 [14] has raised interest in other ways to model carbon molecules,
see, e.g., papers by Malkevitch [15] and Deza et al. [5]. Fowler in 1995, see [4,6], asked whether a fullerene-like
structure consisting only of pentagons and heptagons and exhibiting an icosahedral symmetry exists; the answer was
given by Dress and Brinkmann [6], who found the two smallest such structures. Motivated by these examples, Delgado
Friedrichs and Deza [4] introduced the following deﬁnitions: a fulleroid is a tiling of the sphere such that all its vertices
have degree 3 while all its faces have degree 5 or larger. A -fulleroid is a fulleroid on which the group  acts as a
group of symmetries. A given -fulleroid is of type (a, b) or a (a, b)-fulleroid if all its faces are either a-gonal or
b-gonal. The set of all (a, b)-fulleroids is denoted simply by (a, b).
In [6] I (5, 7)-fulleroids are investigated, where I denote the group of rotational symmetries of a regular icosahedron.
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In [4], the authors started a research of I (5, n)-fulleroids for n = 8, 10, 12, 14, 15 and posed several questions
concerning the existence of I (5, n)-fulleroids for any other n. Most of their questions were answered by Jendrol’ and
Trenkler [10], who managed to prove that for every n8, there exist inﬁnitely many I (5, n)-fulleroids.
The question of Fowler can be generalized in the following way: consider any group  that can act as symmetry
group of a convex polyhedron. The list of such groups can be found, e.g., in [2], or in the book [3] of Cromwell. In
[10], the problem to characterize (a, b)-fulleroids for all possible pairs of parameters a, b and all possible groups 
is proposed.
There are many interesting results concerning fullerenes ((5, 6)-fulleroids) and their symmetries. Babic´ et al. [1]
determined the symmetry groups of all the fullerenes with up to 70 vertices. Fowler et al. [8] showed that there are
only 28 fullerene symmetry groups. Fowler and Manolopoulos [7] determined the symmetry groups of all fullerenes
with up to 100 vertices and found examples of -fullerenes with minimal number of vertices for all possible groups .
Graver [9] published a catalog of all fullerenes with 10 or more symmetries.
In the case of fulleroids with bigger face sizes, most of the results deal with icosahedral symmetry. Among all the
symmetry groups other than icosahedral, there are ﬁve groups of high symmetry (two octahedral and three tetrahedral
groups) and seven inﬁnite series of other symmetry groups.
The question of existence of (5, n)-fulleroids, where n6 and  is any of the three tetrahedral symmetry groups,
was answered completely in [11].
There are inﬁnitely many fullerenes with icosahedral or tetrahedral symmetry [9]. The octahedral groups are the
richest symmetry groups for which there are no -fullerenes. In this paper we focus on Oh(5, n)-fulleroids, n6,
where Oh is the full symmetry group of a regular octahedron (or a cube). Namely, we prove the following statement:
Theorem 1. Let n6. Then the set Oh(5, n) is non-empty if and only if
(i) n ≡ 0 (mod 60)
or
(ii) n ≡ 0 (mod 4) and n /≡ 0 (mod 5).
Furthermore, when non-empty, the set Oh(5, n) contains inﬁnitely many elements.
2. Proof of Theorem 1
In Fig. 1 an example of an Oh(5, 8)-fulleroid can be seen. Since it has the Oh symmetry, its graph can be drawn onto
a regular octahedron or onto a cube. If we cut the octahedron (or the cube) along all its mirror planes, its surface splits
into 48 triangular ﬂags. A graph segment drawn on any of the ﬂags determines the original graph—if the segment is
copied onto all other ﬂags respecting the reﬂection symmetries of the octahedron, altogether we get a graph with the
automorphism group isomorphic to Oh. By the theorem of Mani [16] (see also [18]) for each such graph G there is a
convex polyhedron P whose graph is isomorphic toG and the symmetry group of P is isomorphic to the automorphism
group of G, the group Oh. Therefore, in sequel, we do not distinguish between the polyhedron P and the corresponding
graph G.
Fig. 1. An example of a (5,8)-fulleroid with Oh symmetry.
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Fig. 2. Representing an Oh-fulleroid by a graph segment drawn onto a ﬂag.
Fig. 3. Segments of the graphs of Oh(5, n)-fulleroids for n = 8 + 20k, 12 + 20k, 16 + 20k, and 24 + 20k.
For example, in Fig. 2 a segment of the graph of the fulleroid from Fig. 1 is drawn (right) and a process to determine
the original fulleroid is indicated (left).
In this paper, to show examples of Oh-fulleroids, we depict only the graph segment drawn on one ﬂag. The ﬂags
have the shape of a right triangle ABC with |BC|< |AB|< |AC|, where A (B, resp. C) represents the point where the
4-fold (2-fold, resp. 3-fold) rotational axis intersects the polyhedron.
Lemma 1. Let n6. If n /≡ 0 (mod 4), then the set Oh(5, n) is empty.
Proof. Consider an Oh(5, n)-fulleroid.Any of three 4-fold rotational symmetry axes intersects P in two points, which
cannot be neither vertices of P nor any internal points of edges of P , since a vertex has a 3-fold (local) rotational
symmetry, and any internal point of an edge can have only 2-fold symmetry (if only it is the midpoint of the edge).
Thus the axes intersects P inside some faces of P , implying that these faces have 4-fold symmetry. The pentagons
obviously have no 4-fold rotational symmetry, so it must be the n-gons. Finally we see that 4 divides n. 
Lemma 2. Let n6. If n ≡ 0 (mod 4) and n /≡ 0 (mod 5), then the set Oh(5, n) contains inﬁnitely many elements.
Proof. Examples of Oh(5, n)-fulleroids for n = 8, 12, 16, and 24 are obtained, if the graph segments from Fig. 3 are
used the way described above. To increase the size of n-gonal faces by 20k, k1, one can use the operation illustrated
in Fig. 4. In Fig. 3, the edges where the operation should be applied are thickened.
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Fig. 4. If two n-gons are connected by an edge, by inserting 10 pentagons they are changed to (n + 5)-gons. This step can be carried out arbitrarily
many times, so the size of those two faces can be increased by any multiple of 5.
Fig. 5. If two pentagons are joined by a path of three edges (left), we can change them into two n-gons and 2n− 10 new pentagons, so the number of
n-gonal faces is increased by two. For n8 this step can be repeated as many times as required, because two pentagons in an appropriate position
can always be found among the new pentagons again.
To generate inﬁnite series of examples for a particular value n, one can ﬁnd a conﬁguration of two pentagons joined
by a path of three edges (in Fig. 3 the pentagons are grey and the edges of the path are doubled) and apply the operation
from Fig. 5 in all the ﬂags. This way the two pentagons are changed into n-gons and a certain number of pentagons.
Since two pentagons in an appropriate position can be found among the new pentagons again, the operation can be
carried out arbitrarily many times. 
Before we prove the nonexistence of Oh(5, n)-fulleroids in the case n ≡ 0 (mod 20) and n /≡ 0 (mod 3), we
introduce the following lemma.
Lemma 3. Let P be a cubic convex polyhedron such that all faces are multi-pentagons, i.e. the size of each face is a
multiple of ﬁve. Then there exists an orientation-preserving homomorphism  : P → D, where D denotes a regular
dodecahedron.
By orientation-preserving homomorphism  : P → D we mean a map from the set V (P ) of vertices of the
polyhedron P into the set V (D), respecting the adjacency structure, which also preserves the order of the vertices
incident with any vertex (up to a cyclic permutation) once an orientation has been assigned to both P and D before.
Proof. Let the orientation of P and D be ﬁxed. Let the number of vertices of P be denoted by p. Choose a spanning
tree T of P arbitrarily. Let v1 ∈ V (P ) be any vertex of degree one in T . Let v1, v2, . . . , vp be ordering of the vertices
of P by increasing length of the shortest path from v1 to vi , i = 2, . . . , p.
Let u1 and u2 be an arbitrary pair of adjacent vertices of D. We assign(v1)= u1 and(v2)= u2. The assignment
of all other vertices is done by ﬁnite induction: let v be ﬁrst vertex in the sequence v1, . . . , vp that has not been assigned
yet. Let w = (v1, . . . , vi, vj , v) be the (unique) shortest path from v1 to v in T . Because v1 is an endvertex of T , the
path contains at least three vertices. Let (vi) and (vj ) be denoted by ui and uj , respectively, and let ui, u′, u′′ be
the clockwise order of the neighbours (in D) of uj . Let v′ denote the third neighbour (in P ) of vj distinct from v and
vi . According to the orientation of P , the clockwise order of the neighbours of vj is either vi, v, v′ or vi, v′, v. Then
we assign (v) = u′ in the ﬁrst case and (v) = u′′ in the second, see Fig. 6.
Now a mapping  : V (P ) → V (D) has been deﬁned; next we verify that it is an orientation-preserving
homomorphism.
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Fig. 6. Deciding which vertex will be the image of the vertex v according to the local orientation of the neighbours of the vertex vj .
Fig. 7. One of the perimeters of the dodecahedron.
If e = vv′ is an edge of T , then obviously(v) and(v′) are adjacent. For all the other edges we prove that images
of their endvertices are adjacent too by ﬁnite induction again. Consider the dual graph G∗(P ). Since T is a spanning
tree of P , the edges corresponding to E(P )\E(T ) form a spanning tree of G∗(P ), let it be denoted by T ∗.
Let f ∗ be a vertex ofG∗(P )with degree one in T ∗. The corresponding face f ofP is incident with vertices x1, . . . , xn
(in cyclic order) and let e = x1xn be the only edge incident with f that is not in T . Let (x1) = y1,(x2) = y2, and
(x3)=y3. Vertices y1, y2, and y3 lie in uniquely determined pentagon of D; let the other two its vertices be y4 and y5.
From the construction of the map it follows that(xi)=yj (i) for all i =4, . . . , n, where j (i)=1+ (i −1) (mod 5).
Since all the faces of P are multi-pentagons, we have (xn) = y5, so the images of the endvertices of the edge e are
adjacent in D.
Add the edge e to T and delete the edge e∗ from T ∗. T ∗ remains a tree, so the process can be repeated until all edges
are moved from T ∗ to T .
It is now conﬁrmed that  is a homomorphism. It easily follows from the construction of  that it is orientation-
preserving. 
Lemma 4. Let n6. If n ≡ 0 (mod 20) and n /≡ 0 (mod 3), then the set Oh(5, n) is empty.
Proof. Let P ∈ Oh(5, n). By Lemma 3, there is a mapping  : P → D, where D denotes the dodecahedron.
Consider a reﬂection plane  of P or D. It intersects the surface of P (resp. D) in some section polygon, let it be
referred as a perimeter of P (resp. D). On a perimeter, vertices, edges and midpoints of edges can be placed. Faces
intersected by a perimeter must have a (local) mirror symmetry. If a point x moves along any of the perimeters of P ,
the image (x) of this point moves only along a perimeter of D, see Fig. 7 for illustration.
Consider a ﬂag ABC of P , where A, B, and C are the points of 4-fold, 2-fold, and 3-fold rotational symmetry,
respectively. It is easy to see that a is an internal point of a face of P and C is a vertex of P , since n ≡ 0 (mod 4) and
n /≡ 0 (mod 3).
Because n ≡ 0 (mod 5), the images of the lines AB and AC lie on the same perimeter of D. This is true for all the
ﬂags of P , therefore the images of all the perimeters of P lie on the same perimeter of D. Thus, also the images of the
lines AC and BC lie on the same perimeter. But in C three different perimeters of P meet, and their images are also
three different perimeters of P , what is a contradiction. Therefore, in this case the set Oh(5, n) is empty. 
Lemma 5. Let n6. If n ≡ 0 (mod 60), then the set Oh(5, n) contains inﬁnitely many elements.
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Fig. 8. Graph segments of Oh(5, n)-fulleroids for n = 60 + 120k and n = 120 + 120k.
Proof. In Fig. 8 one can see graph segments of Oh(5, n)-fulleroids for two classes of numbers n. The rectangle with
the number 5c inscribed means inserting the conﬁguration of 10 pentagons (see Fig. 4) c times. To generate inﬁnitely
many examples, one can use the operation from Fig. 5 again. 
Altogether, these examples were the last missing parts of the proof of the main Theorem 1.
References
[1] D. Babic´, D.J. Klein, C.H. Sah, Symmetry of fullerenes, Chem. Phys. Lett. 211 (1993) 235–241.
[2] H.M.S. Coxeter, W.O.J. Moser, Generators and Relations for Discrete Groups, Springer, Berlin, 1972.
[3] P.R. Cromwell, Polyhedra, Cambridge University Press, Cambridge, 1997.
[4] O. Delgado Friedrichs, M. Deza, More Icosahedral Fulleroids, DIMACS Series in Discrete Mathematics and Theoretical Computer Science,
vol. 51, 2000, pp. 97–115.
[5] A. Deza, M. Deza, V. Grishukhin, Fullerenes and coordination polyhedra versus half-cube embeddings, Discrete Math. 192 (1998) 41–80.
[6] A.W.M. Dress, G. Brinkmann, Phantasmagorical fulleroids, Match 33 (1996) 87–100.
[7] P.W. Fowler, D.E. Manolopoulos, An Atlas of Fullerenes, Clarendon Press, Oxford, 1995.
[8] P.W. Fowler, D.E. Manolopoulos, D.B. Redmond, R.P. Ryan, Possible symmetries of fullerene structures, Chem. Phys. Lett. 202 (1993)
371–378.
[9] J.E. Graver, Catalog of All Fullerenes with Ten or More Symmetries, DIMACS Series in Discrete Mathematics and Theoretical Computer
Science, vol. 69, 2005, pp. 167–188.
[10] S. Jendrol’, M. Trenkler, More icosahedral fulleroids, J. Math. Chem. 29 (2001) 235–243.
[11] F. Kardoš, Tetrahedral fulleroids, J. Math. Chem. 41 (2007) 101–111.
[12] D.J. Klein, X. Liu, Theorems for carbon cages, J. Math. Chem. 11 (1992) 199–205.
[13] D.J. Klein, X. Liu, Elemental carbon isomerism, Quantum Chemistry Symposium, vol. 28, 1994, pp. 501–523.
[14] H.W. Kroto, J.R. Health, S.C. O’Brien, R.F. Curl, R.E. Smalley, C60-Buckminsterfullerene, Nature 318 (6042) (1985) 163–165.
[15] J.Malkevitch, Geometrical and Combinatorial QuestionsAbout Fullerenes, DIMACSSeries in DiscreteMathematics andTheoretical Computer
Science, vol. 51, 2000, pp. 261–266.
[16] P. Mani, Automorphismen von polyedrischen Graphen, Math. Ann. 192 (1971) 279–303.
[17] J. Petersen, Sur le théorème de Tait, Intermed. Math. 5 (1898) 225–227.
[18] G.M. Ziegler, Lectures on Polytopes, Springer, NewYork, 1994.
